We prove that the complex of proper non-trivial non-degenerate subspaces of a finitedimensional vector space endowed with a non-degenerate sesquilinear form is homotopy equivalent to a wedge of spheres. Additionally, we show that the same is true for a slightly wider class of simplicial complexes, the so-called generalized Phan geometries of type A n . These generalized Phan geometries occur as relative links of the filtration studied in [14] , whose sphericity implies topological finiteness properties of suitable arithmetic groups and allows for a revision of Phan's group-theoretical local recognition [21] , [22] of suitable finite groups of Lie type with simply laced diagrams.
Introduction
In this paper we prove the following result.
Main Theorem
Let K be an arbitrary field, let σ be an automorphism of K of order one or two and let V be an (n + 1)-dimensional vector space over K endowed with a non-degenerate σ-hermitian form h. Moreover, let Γ be the simplicial complex whose vertices are the nontrivial subspaces which are non-degenerate with respect to h and where incidence is defined by inclusion. If K is a finite field of order q, assume 2 n < q in case σ = id and 2 n−1 ( √ q + 1) < q in case σ = id. Then Γ is Cohen-Macaulay. In particular, |Γ| is homotopy equivalent to a wedge of (n − 1)-spheres.
For K = F q 2 , q ≥ 4, n ≥ 3, and h hermitian, the above simplicial complex Γ is known to be simply connected by [6] , [13] , [10] . Using standard arguments from geometric group theory this implies Phan's theorem [21] , which states that the group SU n+1 (q 2 ) equals the universal enveloping group of the amalgam of its fundamental subgroups of rank one and two. Because of this prominent role in the revision of Phan's results, the geometry of non-degenerate subspaces described above is called the Phan geometry associated to the pair (V, h).
In fact, there is a canonical way to associate a Phan geometry to any flip of a spherical building (see [8] ). A flip is an involutory automorphism of the spherical building that acts via conjugation with the longest word of the Weyl group on the Weyl distance and maps some chamber to an opposite chamber. In other words, a flip is an involutory isometry of the associated spherical twin building (see [26] ) such that there exists a chamber that is opposite its image under that involution. It was observed in [14] that a Phan geometry induced by a flip shares a lot of properties with the geometry far away from a chamber. In a sense, our work underlines this observation, because we successfully adapted the strategy of proof of the analogue of the Main Theorem for the far-away geometries in A n buildings obtained by Abels and Abramenko in [2] (see also [3] ) to the situation of Phan geometries.
The sphericity of the far-away geometries turns out to be important in the work by Abels and Abramenko on topological finiteness properties of the group SL n+1 (F q [t]). The main motivation for our investigations was to obtain a similar tool for proving topological finiteness properties for centralizers of flips in split Kac-Moody groups over finite fields, such as for the group
where θ is the involution of the field F q 2 (t) mapping t to t −1 and acting as the Frobenius involution on F q 2 . However, it turned out that the statement of the Main Theorem is not sufficient for this purpose. The reason is that the relative links in the filtration of [14] are slightly more general than the Phan geometries. This lead us to the definition of generalized Phan geometries, see Section 3, which is quite technical. Fortunately, while modifying an earlier version of the proof of the Main Theorem in order to make it work for the generalized Phan geometries, we observed that the arguments became much more natural in this wider context and some technicalities just disappeared. In fact, the class of generalized Phan geometries contains both the class of Phan geometries and the class of geometries far from a chamber.
As we have already indicated, the result of the present paper is meant to provide a tool to determine the finiteness lengths of unitary forms of split Kac-Moody groups over finite fields along the lines of [3] . Apart from this application we would like to mention that the cases of small dimension n ∈ {2, 3} of our result are precisely what is needed in the revision of Phan's result for the finite Chevalley groups with simply laced diagram (see [17] ; see [22] for Phan's original result). Our proof provides a more systematic approach than the one given in [17] , which is based on a case by case distinction. However, the proof in [17] covers q = 4, which the proof presented in this paper does not.
The methods needed in order to obtain the Main Theorem are quite elementary and consist of linear algebra and basic homology theory. Our approach is based on a combination of the strategy of the sphericity proof for far-away geometries given in [3] and several techniques used in the revision of Phan's presentation [8] . The necessary material from topology is discussed in Section 2, while in Section 3 we study some examples of generalized Phan geometries of type A n . Section 4 concentrates on proving that generalized Phan geometries of type A n are spherical over sufficiently large fields. This goal is achieved in Theorem 4.6 and its Corollary 4.7. The Main Theorem stated above is just a special case. Finally, in Section 5 we outline in more detail the two applications of this sphericity result to group theory mentioned above. While Sections 2, 3 and 4 are largely self-contained, the character of Section 5 is that of a survey. The final section is intended to serve as a motivation for our interest in generalized Phan geometries of type A n , so that our arguments given there should only be considered as sketches. The content of Section 5 is based on Fact 5.1, which has already been proved in special situations in the literature, cf. [11] . We intend to a give a general building-theoretic proof in a separate publication.
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Basics
Definition 2.1 (Simplicial complex) A simplicial complex K consists of a set V of vertices and a set S of finite non-empty subsets of V called simplices such that 1. any set consisting of exactly one vertex is a simplex, and 2. any non-empty subset of a simplex is a simplex.
A simplicial complex K is called pure if each simplex is contained in a maximal simplex and if, moreover, all maximal simplices have the same cardinality n; in this case we say that the simplicial complex K has dimension n − 1. The join of two simplicial complexes K 1 = (V 1 , S 1 ) and K 2 = (V 2 , S 2 ), in symbols K 1 * K 2 , equals the simplicial complex with vertex set equal to the disjoint union V 1 ⊔ V 2 and set of simplices equal to
Furthermore, let |K|, called realization of K, be the set of all functions α from the set of vertices of K to the real unit interval I such that, for any α, the set {v ∈ K | α(v) = 0} is a simplex of K, and v∈K α(v) = 1, i.e., |K| is obtained from K via barycentric coordinates.
In this article we consider the weak (coherent) topology on |K|, cf. [24, 3.1.14] . By [24, 7.6.4 ] the realization |K| of a simplicial complex K is a CW complex.
Definition 2.2 (Realization)
A poset X gives rise to a simplicial complex with the nonempty finite chains of X as simplices. Endowed with the weak topology, this simplicial complex is called the realization of X and denoted by |X|.
In analogy to simplicial complexes, the join of two posets X and Y , also denoted by X * Y , is the disjoint union X ⊔ Y endowed with the partial order which agrees with the given partial orders on X and on Y and which is such that any element of X is less than any element of Y . 
Definition 2.4 (Wedge sum) Let X and Y be pointed spaces, i.e., topological spaces with distinguished base points x 0 and y 0 . Then the wedge sum X ∨ Y of X and Y is the quotient of the disjoint union X ⊔ Y by the identification x 0 ∼ y 0 , i.e.,
In general, if (X i ) i∈I is a family of pointed spaces with base points (x i ) i∈I and if x is a one-point space, then the wedge sum of this family is given by
The wedge sum of a family of spheres each of which is homeomorphic to the standard sphere S n = {x ∈ R n+1 | x = 1} is called a wedge of spheres or, if one wants to specify the dimension, a wedge of n-spheres.
The following topological observations are crucial for the proof of our main result. A CW complex of dimension at most m is called m-spherical if it has the homotopy type of a wedge m-spheres.
Lemma 2.5
A connected 1-dimensional CW complex X has the homotopy type of a wedge of 1-spheres.
Proof: Let T ⊆ X be a maximal subtree. Then T is contractible and contains all vertices (see [24, Lemmas 3.7 .1 and 3.7.2]), whence by the homotopy extension property X is homotopy equivalent to X/T (see [24, Corollary 3.2.5] ). This quotient is a connected 1-dimensional complex with exactly one vertex, i.e. a wedge of 1-spheres.
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Lemma 2.6 Let X be a CW complex of dimension at most m which is a union X = B ∪ i A i of subcomplexes B, A i , where i ranges over some (possibly infinite) index set I. Suppose that B is m-spherical, that the A i are contractible, that A i ∩ A j ⊆ B for i = j, and that A i ∩ B is m − 1-spherical, for every i. Then X is m-spherical.
Proof: If X is 1-dimensional, the result is true by Lemma 2.5. . Then f is a homology equivalence and therefore a homotopy equivalence [24, 7.5.9, 7.6.24] . It follows by induction that B ∪ A i 1 ∪ · · · ∪ A ir has the homotopy type of a wedge of m-spheres. Since every compact set C ⊆ X is contained in such a finite union, X is m − 1-connected and has the same homology as a wedge of m-spheres. By the same argument as before, we find a homotopy equivalence K S m → X.
We close this section by specifying the characterizing property of Cohen-Macaulayness that we are going to use in this article; cf. [23, Section 8] . 3 Generalized Phan geometries of type A n Definition 3.1 Let V be a vector space. Two subspaces A and B of V are opposite when V = A ⊕ B. A flag is a chain of incident subspaces. A subspace A is transversal or in general position to a flag F , denoted by A ⋔ V F , if for any subspace B of F we have
Notice that A ⋔ V F if and only if there is a subspace C of V incident with F such that A and C are opposite. Definition 3.2 Let K be a field, let σ be an automorphism of K of order one or two, let V be an (n + 1)
a flag of subspaces of V , and let ω i : V i+1 ×V i+1 → K, 0 ≤ i ≤ t, be σ-hermitian forms which admit non-isotropic vectors and satisfy
The generalized Phan geometry of type A n of V with respect to F and (ω i ) 0≤i≤t consists of all proper non-trivial vector subspaces U of V transversal to F with U ∩ V k U +1 nondegenerate with respect to ω k U where
Example 3.3 For t = 0 the generalized Phan geometry on V equals the complex of proper non-trivial non-degenerate subspaces of V with respect to a non-degenerate σ-hermitian form. For σ of order one and the field K of characteristic distinct from two, this complex is simply connected by [4] , [5] . For K = F q 2 and σ the Frobenius involution, this complex has been studied in [6] , [13] and in [10] in order to re-prove Phan's characterization [21] of the group SU n+1 (q 2 ) via combinatorial topology.
Example 3.4 For t = n, the generalized Phan geometry on V equals the geometry opposite a chamber in a building of type A n (whose sphericity has been established in [2] , see also [3] ). Indeed, the flag F is a chamber and each ω i has rank one with radical V i . Therefore any vector v ∈ V i+1 \V i is non-degenerate with respect to ω i , so that any sub-
Just like the geometries opposite a chamber occur as relative links in filtrations used to establish finiteness properties of certain arithmetic groups (cf. [1] , [3] ), so do the generalized Phan geometries. The following series of examples illustrates how generalized Phan geometries occur as relative links.
Example 3.5 Let V be a vector space and consider a generalized Phan geometry on V with t = 0, i.e., the geometry of non-degenerate subspaces of V with respect to a form ω 0 : V × V → K. Let H be a hyperplane of V with radical R of dimension zero or one. Then the intersection of the link of H (in the complex of proper non-trivial subspaces of V ) with the subcomplex of proper non-trivial ω 0 -non-degenerate subspaces of V , equals all proper non-trivial subspaces of H which are non-degenerate with respect to ω 0|H×H . Each of these subspaces is transversal to the flag {{0}, R, H}, so that this relative link is a generalized Phan geometry. (Notice that the form on R does not play any role for this generalized Phan geometry.)
In Lemma 4.2 we prove that the relative link of an arbitrary element of a generalized Phan geometry is isomorphic to a generalized Phan geometry or the direct sum (i.e., join) of two generalized Phan geometries.
Example 3.6 Let B be a building of type A n , let R be a residue of B, and let π be a polarity of B. Using the notation from [14] , the chamber system A π (R) consists of all those chambers of R with maximal possible distance (i.e., minimal possible codistance) from their image under π. This chamber system plays a crucial role in the filtration studied in [14] and yields a direct sum of generalized Phan geometries, cf. Fact 5.1. When dealing with polarities of projective spaces (buildings of type A n ), this distance of a chamber c from its image under π can be measured by the grade of nondegeneracy of the elements contained in the chamber c.
For instance, let V be a six-dimensional vector space (which corresponds to a building of type A 5 ) endowed with a non-degenerate unitary form h (which corresponds to a polarity π). Consider the residue of V with respect to the flag consisting of an h-singular onedimensional subspace p and an incident five-dimensional subspace H with one-dimensional h-radical x. Fixing a four-dimensional complement C of p not containing x, we can identify the set of chambers of V containing p and H with the set of chambers of C by taking the intersection. The set of chambers in the residue of (p, H) which are mapped by π to a chamber as far away as possible, correspond in C to maximal flags of subspaces of the following types:
This description shows that this residue is isomorphic to a generalized Phan geometry of C with respect to the flag {{0}, C ∩ p ⊥ , C} and the form h |(C∩p ⊥ )×(C∩p ⊥ ) and an arbitrary sesquilinear form f : C × C → K of rank one with radical C ∩ p ⊥ .
Sphericity of generalized Phan geometries
In this section we prove the Main Theorem from the introduction in the guise of Theorem 4.6 and Corollary 4.7. We achieve this by using a filtration method similar to the one described in [2, Theorem 1.1], [3, Chapter II, Proposition 12] . Our incarnation of that strategy, as described in the proof of Theorem 4.6 below, requires that there is a canonical way to extend each form ω i of a generalized Phan geometry to the whole ambient vector space. The following lemma takes care of this issue.
Lemma 4.1 Let Γ be a generalized Phan geometry of V with respect to a flag
with forms (ω i ) 0≤i≤t . Let p be a one-dimensional space in V that is ω t -non-degenerate and satisfies p ∩ V t = {0}. Then, for 0 ≤ i ≤ t, there exist σ-hermitian forms ω i : V × V → K with the properties
Proof: Let p be a ω t -non-degenerate one-dimensional subspace of V , which necessarily satisfies p ∩ V t = {0}. Then
where C i is a complement of
finishes the proof, where pr A denotes the projection on A in the above direct decomposition of V .
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The purpose of the following lemma is two-fold. On one hand it allows us to make use of an induction on the dimension when studying the homotopy type of a generalized Phan geometry in Theorem 4.6. On the other hand it provides us with the local information required for the Cohen-Macaulayness of a generalized Phan geometry addressed in Corollary 4.7.
Lemma 4.2
Let Γ be a generalized Phan geometry of V with respect to a flag F = {V i | 0 ≤ i ≤ t + 1} with forms (ω i ) 0≤i≤t , and let U ∈ Γ be an element of Γ.
Then the geometries Γ <U := {x ∈ Γ | x U} and Γ >U := {x ∈ Γ | x U} are isomorphic to generalized Phan geometries of U, respectively, V /U. In particular, the link of U in |Γ| is isomorphic to the join |Γ <U * Γ >U | of a generalized Phan geometry of U and of a generalized Phan geometry of V /U.
Proof:
The first claim is immediate: The geometry Γ <U is isomorphic to the generalized Phan geometry of U with respect to the flag
In order to establish the isomorphism type of Γ >U , consider the vector space V = V /U.
. This is a flag of V with V 0 + U = 0 + U and V k U +1 + U = V , so that any element of V can be written as x + U with x ∈ V k U +1 . In fact, every element of V can be uniquely written as
Notice that V k U is contained in W , and therefore so are all subspaces V i for 0 ≤ i ≤ k U . In this specified interval for i define σ-hermitian forms
where x, y ∈ V i+1 ∩ W . With this definition, certainly Rad (ω i ) = V i + U for all 0 ≤ i ≤ k U , so that we have defined a generalized Phan geometry in V .
It remains to prove that this generalized Phan geometry is isomorphic to Γ >U . Let S be a subspace of V containing U and let k S = min{i ∈ {0, . . . , t} | S ∩ V i+1 = {0}} be defined as above. Then it is easily seen that we have S ⋔ V F if and only if (S + U) ⋔ V F . Moreover,
, while in case k S = k U the claim follows from the observation that U ∩ V k U +1 is ω k U -nondegenerate and W is ω k U -orthogonal to U ∩ V k U +1 . The lemma now follows from the fact that, for x ∈ S ∩ V k S +1 ∩ W , by definition, x is ω k S -orthogonal to y ∈ S ∩ V k S +1 ∩ W if and only if x + U is ω k S -orthogonal to y + U.
2
The following is an immediate consequence of Lemma 4.2.
Lemma 4.3
Let (Γ j ) j be a finite family of m generalized Phan geometries of V and let U ∈ j Γ j .
Then the geometries
of m generalized Phan geometries of U, respectively, V /U. In particular, the link of U in | j Γ j | is isomorphic to the join |( j Γ 
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Now we have almost everything in place in order to prove the Main Theorem. It remains to provide the following geometric existence results which help us to determine the homotopy type of a generalized Phan geometry of a two-dimensional vector space. This two-dimensional case will serve as the basis of the induction on the dimension used in the proof of Theorem 4.6 below.
Lemma 4.4
Let m ∈ N, let F ≤ K be fields, let V be a vector space of dimension at least two over F, and for 1 ≤ i ≤ m let φ i : V × V → K be an F-bilinear map which admits a non-isotropic vector. If 2m < |F|, then there exist two F-linearly independent vectors of V which are non-isotropic with respect to all maps φ i .
Proof:
We proceed by induction on the number of maps. For m = 0 there is nothing to prove. Assuming the theorem is true for m maps, let v be a vector which is nonisotropic with respect to m maps and let w be a vector that is non-isotropic with respect to a (m + 1)st map. Considering linear combinations of v and w we obtain finitely many quadratic equations in K whose F-rational zeros have to be avoided in order to find a vector which is non-isotropic with respect to all m + 1 forms. Since a two-dimensional F-vector space contains |F| + 1 one-dimensional subspaces, two vectors of V satisfying the conclusion of the lemma exist, if 2(m + 1) < |F|.
The same proof works in the setting of hermitian forms of vector spaces over a finite field of square order q. The only difference is that there are at most √ q + 1 isotropic one-dimensional subspaces per form in a two-dimensional F q -vector space instead of two.
Lemma 4.5
Let V be a vector space of dimension at least two over a finite field F q of square order endowed with m < ∞ hermitian forms each of which admits a non-isotropic vector. If ( √ q + 1)m < q, then there exist two F q -linearly independent vectors of V which are nonisotropic with respect to all forms.
Finally we can state and prove our main result. Its proof has been strongly influenced by the proof of [2, Theorem 1.1], [3, Chapter II, Proposition 12].
Theorem 4.6
Let V be an (n + 1)-dimensional vector space over a field K. Let σ be an automorphism of K of order one or two. Let (Γ j ) 1≤j≤m be a finite family of generalized Phan geometries of V . Finally, let Γ = j Γ j . In case K = F q assume 2 n m < q, if σ has order one, and 2 n−1 ( √ q + 1)m < q, if σ has order two.
Then |Γ| is homotopy equivalent to a (non-trivial) wedge of (n − 1)-spheres.
Proof:
We proceed by induction on n.
For n = 1, the vector space V is two-dimensional. The geometry Γ = 1≤j≤m Γ j consists of all those one-dimensional subspaces of V that are non-degenerate with respect to each of the m hermitian forms of rank one or two induced by the Γ j on V . In case K finite and σ = id, apply Lemma 4.5. Otherwise apply Lemma 4.4 to the Fix K (σ)-span of a K-basis of V . In both cases we find two K-linearly independent vectors of V which are non-isotropic with respect to all forms. Hence |Γ| is a wedge of 0-spheres.
Assume now that the theorem is true for any family of size m of generalized Phan geometries inside a vector space of dimension k < n + 1 satisfying 2 k−1 m < q, resp. 2 k−2 ( √ q + 1)m < q in case K is a finite field of order q.
Let p be a one-dimensional subspace of V which for each of the generalized Phan geometries Γ j is non-degenerate with respect to the unique hermitian form defined on the whole vector space V . Such a one-dimensional space p exists by Lemmas 4.4 and 4.5 via an argument as above. Define
Note that Y 0 contains all subspaces of V which contain p and which are contained in Γ. Moreover, define
Each set Y i together with the inclusion relation inside V forms a poset, so that it makes sense to use the symbols | · | and * in this context.
We are going to use Lemma 2.6 and an induction on i to prove that |Y i | is homotopy equivalent to a wedge of (n − 1)-spheres for 1 ≤ i ≤ n.
, is a chain of deformation retractions.
i − 1 → i: Apply Lemma 2.6 with Z = |Y i | and
′ is by induction contractible (i = 1) or a wedge of (n − 1)-spheres (otherwise).
is in Y i and is incident with both U j 1 and U j 2 . Hence its dimension is not n + 1 − i and so it lies in Y i−1 . To prove that A j is contractible and that By Lemma 4.12 below the latter is isomorphic to the intersection of at most 2m generalized Phan geometries of U (which has dimension n + 1 − i). Since, in case
where C equals 2 or √ q + 1 respectively, we can apply the theorem to
U, W, p ∈ Γ} by hypothesis of the induction on n. Therefore |Y <U i−1 | is a wedge of (n − 1 − i)-spheres.
In conclusion
| is a wedge of (n − 2)-spheres, and so by Lemma 2.6 the topological space Z = |Y i | is homotopy equivalent to a wedge of (n − 1)-spheres.
Consequently, |Γ| = |Y n | is a wedge of (n − 1)-spheres.
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A combination of the statement of the theorem with Lemma 4.3 implies the CohenMacaulayness of Γ.
Corollary 4.7
Then |Γ| is Cohen-Macaulay. 
2
We pointed out in Example 3.3 that for t = 0 and K finite of square order the generalized Phan geometry on a K-vector space equals the complex studied in [10] to re-prove Phan's first theorem [21] . One crucial step in [10] is the proof of simple connectedness of that geometry. Theorem 4.6 yields more information about the homotopy type of that geometry, however only with an exponential instead of a constant bound on the size of the field. The constant m is replaced by 1, because we are interested in the homotopy type of one generalized Phan geometry, not the intersection of several generalized Phan geometries.
Corollary 4.8
Let K be a field, let σ be an automorphism of K of order one or two, let V be an (n + 1)-dimensional vector space over K endowed with a non-degenerate σ-hermitian form, and let Γ be the complex of proper non-trivial non-degenerate subspaces of V . In case K = F q assume 2 n < q, if σ has order one, and 2 n−1 ( √ q + 1) < q, if σ has order two.
Then |Γ| is Cohen-Macaulay. In particular, |Γ| is homotopy equivalent to a wedge of (n − 1)-spheres.
The sphericity of the geometry opposite a chamber is also obtained as a corollary of Theorem 4.6 for a generalized Phan geometry with t = n, cf. Example 3.4. As all σ-hermitian forms ω i have rank one and hence the zeros form a hyperplane, we can replace √ q + 1, resp. 2 by 1 in the bound (cf. the proofs of Lemmas 4.4 and 4.5) and achieve exactly the same bound as in [3, Chapter II, Theorem B].
Corollary 4.9
Let K be a field, let V be an (n + 1)-dimensional vector space over K, and let Γ be the geometry opposite a chamber of V . In case K = F q assume 2 n−1 < q. Then |Γ| is Cohen-Macaulay. In particular, |Γ| is homotopy equivalent to a wedge of (n − 1)-spheres.
We still need to provide statement and proof of Lemma 4.12 which we used for proving Theorem 4.6. For this endeavour projections as used in [9] and [18] turn out to be useful. Recall the following fact from linear algebra.
Lemma 4.10
Let K be a field, let σ be an automorphism of K of order one or two, let V be an (n + 1)-dimensional vector space over K, and let ω : V × V → K be a σ-hermitian form. Moreover, let W be an arbitrary subspace of V and let p be a one-dimensional subspace of V which is non-degenerate with respect to ω and which intersects W trivially.
Then
where pr p ⊥ω denotes the projection onto the second summand of the direct decomposition V = p ⊕ p ⊥ω , is a σ-hermitian form with
where pr W denotes the projection onto the second summand of the direct decomposition
Proof: Let t ∈ Rad(ω | W,p × W,p ), i.e. t ∈ W, p and ω(t, x) = 0 for all x ∈ W, p , in particular ω(t, p) = 0, i.e. t ∈ p ⊥ω . Write t = w + v for w ∈ W and v ∈ p, so that pr W (t) = w. Notice that, if x ∈ W , then pr p ⊥ω (x) ∈ W, p . For all x ∈ W we have
On the other hand, ω pr p ⊥ω (w), p = 0. Hence ω pr p ⊥ω (w), x = 0 for all x ∈ W, p . Therefore pr p ⊥ω (w) ∈ Rad ω | W,p × W,p , implying
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We finish this section with the two final lemmas. Their proofs consist of elementary but extremely technical arguments from linear algebra.
Lemma 4.11
Let Γ be a generalized Phan geometry of an (n + 1)-dimensional K-vector space V with respect to a flag F = {V i | 0 ≤ i ≤ t + 1} with forms (ω i ) 0≤i≤t . Let p be an ω t -nondegenerate one-dimensional subspace of V and let U ∈ Γ be an element of Γ not containing p. Furthermore, let ∆ := {x ∈ Γ | x, p ∈ Γ}.
If Γ <U = {x ∈ Γ | x U} is non-empty, then Γ <U ∩ ∆ is an intersection of at most two generalized Phan geometries of U.
Proof: The geometry Γ
<U is isomorphic to the generalized Phan geometry of U with respect to the flag 
Note that l U is always equal to t + 1, except when V t is a hyperplane of V , in which case l U = t.
Using notations from Lemma 4.10, we define
We have k p,W = min{i ∈ {0, . . . , l U } | W ∩ V i , p ∩ U = {0}} =: j. Moreover, we claim that p, W ∩ V j+1 is non-degenerate with respect to ω j if and only if W ∩ ( V j+1 , p ∩ U) is non-degenerate with respect to ω
. The intersection p, W ∩ V j+1 is non-degenerate with respect to ω j if and only if p, W ∩ V j+1 , p = W, p ∩ V j+1 , p = W ∩ V j+1 , p , p is non-degenerate with respect to ω j (this is obvious for j = t and follows from the fact that p ⊥ ω j V j+1 by Lemma 4.1 for j < t). Since p is non-degenerate with respect to ω j and p ⊆ W ∩ V j+1 , p , we can apply Lemma 4.10 and obtain
.
Therefore W ∩ V j+1 , p , p is non-degenerate with respect to ω j if and only if V j+1 , p ∩W is non-degenerate with respect to ω p j , because p is non-degenerate with respect to ω j . Since V j+1 , p ∩ W ⊂ U, the above claim is proved. since the subspaces V i form a flag, the only subspaces of U that can occur more than once in that family are zero-dimensional or one-dimensional. Notice that there is at least one one-dimensional subspace in F p U exactly when p ⊆ V k U , U . Since the σ-hermitian form on the one-dimensional subspace of the flag of a generalized Phan geometry does not really play any role -none of the transversal spaces have a non-trivial intersection with this space -we can choose an arbitrary non-degenerate σ-hermitian form ω on that subspace (which will be the first form of the generalized Phan geometry).
We then associate to F p U + the forms ω + , ω
and these forms satisfy the radical property. Since we changed the flag, there are still a few things to be checked in order to show that p, W ∈ Γ if and only if W is in the generalized Phan geometry of U with respect to the flag F p U + and forms as described. Assume p, W ∈ Γ. We already proved that W is transversal to F p U , so we just need to show that W ∩ R = {0}. This intersection is contained in Rad ω
is non-degenerate with respect to ω k U , and so, as shown above, W ∩ V k U +1 , p is nondegenerate with respect to ω
, and so we can conclude by the same argument as above. Since W ⋔ U F p U + implies W ⋔ U F p U and W ∩ R must be trivial, the reverse implication is immediate.
In conclusion, the intersection Γ <U ∩ ∆ is isomorphic to the intersection of the generalized Phan geometry of U with respect to the flag (V i ∩U) k U ≤i≤t+1 and forms
and the generalized Phan geometry of U with respect to the flag F p U (respectively, F p U + ) and forms as described above. 
Lemma 4.12
Let (Γ j ) j be a finite family of m generalized Phan geometries of V with respect to flags
Let p be a one-dimensional subspace of V which for each j is ω j t j -non-degenerate. Let U ∈ j Γ j be an element of j Γ j not containing p. Furthermore, let
∩ ∆ is an intersection of at most 2m generalized Phan geometries of U.
Proof: This follows from Lemma 4.11, because 
Outline of applications
In this section we sketch two sets of applications of Theorem 4.6 to geometric group theory. A thorough treatment of these applications requires the language of (twin) buildings which we do not want to develop here. For more details and background information we refer the reader to [14] and [16] .
Our applications depend on the following fact. Example 3.6 indicates how to prove its correctness for a (twin) building B of type A n . A special case is treated in [11] .
Fact 5.1 Let B be a twin building with a Phan involution τ . Let R be a spherical residue of type i∈I A n i of B. Then the geometry associated to the chamber system A τ (R) is a direct sum of generalized Phan geometries of type A n i .
A Phan involution τ is an involution interchanging both parts of a twin building isometrically and satisfying an additional technical condition. The chamber system A τ (R) consists of all those chambers of R with minimal possible codistance from their image under τ , cf. Example 3.6. Detailed discussions can be found in [14] and [16] .
The first set of applications of Theorem 4.6 deals with the revision program of Phan's results [21] , [22] .
Theorem 5.2
Let K be a field containing sufficiently many elements, let σ be an automorphism of K of order one or two, let ∆ be a graph without triangles, and let B be a twin building of type ∆ over K with a Phan involution τ that induces σ on K.
Then the Phan geometry B τ , i.e., the subsystem of chambers of the positive half of B mapped onto an opposite one by τ , is 2-simply connected.
Sketch of proof:
By the criterion of simple connectedness from [14] it remains to prove that for residues R of rank two, resp. three the chamber system A τ (R) is connected, resp. simply connected. Since therefore one only has to deal with the connectedness properties of chambers systems of rank two or three, by [25] one can equivalently study connectedness properties of the corresponding geometries. By Fact 5.1 it suffices to study generalized Phan geometries of type A 2 and A 3 or direct sums of generalized Phan geometries. By Theorem 4.6 the generalized Phan geometries of type A 2 are connected and the generalized Phan geometries of type A 3 are simply connected, if the field K contains sufficiently many elements. A direct sum of two rank one geometries is always connected and a direct sum of a rank one and a connected rank two geometry is always simply connected. Hence the claim follows.
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The following result is implied by Theorem 5.2. It has first been stated in [22] and then re-proven via a direct computation based on [14] by Hoffman, Shpectorov and two of the authors during an RiP stay in Oberwolfach in summer 2005. For the definition of a group with a weak Phan system, we refer the reader to the survey [8] , the thesis [15] , and the research paper [10] .
Corollary 5.3
Let n ≥ 3, let q ≥ 5, let ∆ ∈ {A n , D n , E 6 , E 7 , E 8 }, and let K be a group with a weak Phan system of type ∆ over F q 2 . Then K is a central quotient of SU n+1 (q 2 ), Spin ± 2n (q), or the simply connected version of 2 E 6 (q 2 ), E 7 (q), E 8 (q), respectively.
Sketch of proof:
Since q ≥ 5, the inequalities 2(q+1) < q 2 and 2 2 (q+1) < q 2 are satisfied, so that by Theorem 4.6 and Theorem 5.2 the Phan geometry B τ with respect to the building of type ∆ over F q 2 and the unique semilinear Phan involution τ , is simply connected. By [8] , [10] , [15] the simple connectedness of B τ implies that K is the universal enveloping group of the Phan amalgam contained in K. The claim follows from the classification of unambiguous noncollapsing Phan amalgams in [10] , [15] , by which there exists a unique Phan amalgam up to passing to quotients.
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As for the second set of applications the Main Theorem can be used in order to establish topological finiteness properties of so-called unitary forms of Kac-Moody groups over finite fields. The following statement is a first rough attempt.
Corollary 5.4
Let n ≥ 3, let q ≥ 5, let ∆ be a graph without triangles, and let G be a Kac-Moody group of type ∆ over F q 2 . Let τ be the product of the Chevalley involution of G and the field involution.
Then the group K := Fix G (τ ) is finitely presented.
Sketch of proof:
As in the sketch of Corollary 5.3, the Phan geometry B τ with respect to the twin building of type ∆ over F q 2 is simply connected. Again as before the simple connectedness of B τ implies that K is the universal enveloping group of the Phan amalgam contained in K. Since this Phan amalgam consists of finite groups, the group K is finitely presented.
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More sophisticated statements are possible if one uses the existing machinery for topological finiteness properties, notably Brown's criteria [12] . The following theorem deals with the topological finiteness length of the unitary form of a Kac-Moody group of typẽ A n over the field F q 2 .
Theorem 5.5
Let n ≥ 2, let q be be a prime power satisfying 2 n−1 (q + 1) < q 2 , and let σ be the involution of the field F q 2 (t) mapping t to t −1 and acting as the field involution on F q 2 . Then the group K := SU n+1 (F q 2 [t,
is of type F n−1 and not of type F n .
Sketch of proof:
This follows by Brown's criterion [12, Corollary 3.3] applied to the filtration (C n ) n∈N from [14] of the positive half B + of the twin building of type A n for the Kac-Moody group SL n+1 (F q 2 [t, t −1 ]). The relative links again are generalized Phan geometries by Fact 5.1, which are spherical by Theorem 4.6. The group K is a subgroup of the locally compact group SL n+1 (F q 2 ((t))) and since σ interchanges t and t −1 it is necessarily discrete. As the cell stabilisers of the action of SL n+1 (F q 2 ((t))) on B + are compact, the cell stabilisers in its discrete subgroup K have to be finite. Therefore the cell stabilisers in K are of type F ∞ . Finally, using the surjectivity of the norm map F q 2 → F q one can prove that for each n ∈ N the group K acts transitively on the layer C n \C n−1 of the filtration, so that the filtration is cocompact.
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Remark 5.6 It is elementary but not straightforward to see that the group SU n+1 (F q 2 [t, t −1 ], σ) from Theorem 5.5 is an arithmetic subgroup of SL n+1 (F q 2 (t)). Hence, for the sake of brevity of this remark, we allow ourselves the liberty to use some very heavy machinery in order to establish this arithmeticity: By [19] the group SU n+1 (F q 2 [t, t −1 ], σ) is a lattice in the locally compact group SL n+1 (F q 2 ((t)) ). Therefore by [20, Chapter IX] it is an arithmetic subgroup of SL n+1 (F q 2 (t) ). This means that Theorem 5.5 states that the topological finiteness length of SU n+1 (F q 2 [t, t −1 ], σ) equals its local rank minus one, which is another piece of evidence in favour of the rank conjecture on the finiteness lengths of S-arithmetic groups; cf. [7] .
